The magnon transport driven by thermal gradient in a perpendicularly magnetized honeycomb lattice is studied. The system with the nearest-neighbor pseudodipolar interaction and the next-nearest-neighbor Dzyaloshinskii-Moriya interaction (DMI) has various topologically nontrivial phases. When an in-plane thermal gradient is applied, a transverse in-plane magnon current is generated. This phenomenon is termed as the anomalous magnon Nernst effect that closely resembles the anomalous Nernst effect for an electronic system. The anomalous magnon Nernst coefficient and its sign are determined by the magnon Berry curvatures distribution in the momentum space and magnon populations in the magnon bands. We predict a temperature-induced sign reversal in anomalous magnon Nernst effect under certain conditions.
I. INTRODUCTION
Spintronics is about generation, detection and manipulation of spin degree of freedom of particles. Most early studies focused on the electron spins [1] . However, an electric current normally accompanies an electron spin current and consumes much energy, leading to a Joule heating. The Joule heating becomes the critical problem in nano electronics and spintronics although many efforts have been made. Recently, magnon spintronics, or magnonics in which magnons are spin carriers, attracts much attention because of its fundamental interest [2, 3] and its lower energy consumption in comparison with that of electron spintronics [4] [5] [6] .
Nernst effect commonly refers to the generation of a transverse voltage/current by a thermal gradient in an electronic system under a perpendicular magnetic field. In a ferromagnetic metal and in the absence of an external magnetic field, a thermal gradient can generate a transverse charge current or voltage proportional to the vector product of the thermal gradient and the magnetization in the linear response region. This is the anomalous Nernst effect, the thermal electric manifestation of the anomalous Hall effect [7] . It is natural to ask whether there is a similar effect for magnons. Moving magnons experience gyroscopic forces because of nonzero Berry curvature of a magnetic system although magnons are charge neutral quasiparticles that do not have the Lorentz force. As a result, a transverse magnon current is generated when magnons are driven by a longitudinal force such as a thermal gradient in the absence of a magnetic field which is termed as the anomalous magnon Nernst effect (AMNE). In this paper, we focus on a perpendicularly magnetized honeycomb lattice with the nearest-neighbor pseudodipolar interaction and the next-nearest-neighbor Dzyaloshinskii-Moriya interaction (DMI), whose magnon bands can be topologically nontrivial with various topological phases [8] . We investigate the magnon transport of this system in the presence of a thermal gradient using the semiclassical equations of motion of magnons and the Boltzmann equation in linear transport regime. We found that the system has topologically nontrivial magnon bands. The system changes from one topologically nontrivial phase to another as the DMI strength varies. The AMNE coefficient depends on temperature nonmonotonically. It starts from 0 at 0 K and goes back to 0 at high temperature limit with a maximum at an intermediate temperature. The nonmonotonical temperature-dependence of AMNE is due to non-trivial Berry curvature distribution of a given band in the momentum space and thermally activated magnon population in the bands. In certain parameter space, there is a sign reversal of the AMNE at low temperature because the magnon Berry curvature near the band bottom at Γ point has small non-zero values of the opposite sign as those near band top at K and K ′ points with a much bigger value. In the presence of staggered anisotropy on A, B sublattices, the system can also be topologically trivial, and the K and K ′ valleys contribute opposite transverse magnon currents due to the opposite Berry curvatures. However, the total transverse magnon current does not vanish. The boundary that AMNE coefficient changes its sign is also determined numerically.
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II. MODEL AND RESULTS
We consider classical magnetic moments on a honeycomb lattice in the xy plane as illustrated in Figure 1 (a), and the Hamiltonian is
where the first term is the nearest-neighbor ferromagnetic Heisenberg exchange interaction (J > 0). The second and third terms arise from the spin-orbit coupling (SOC) [9, 10] .
e ij is the unit vector pointing from site i to j. F is the strength of the nearest-neighbor pseudodipolar interaction, which is the second-order effect of the SOC [The nearest-neighbor · (e li × e lj ) = ±1, where l is the nearest neighbor site of i and j. The last term is the sublattice-dependent anisotropy whose easy-axis is along the z direction with anisotropy coefficients of K i = K + ∆ for i ∈ A and K − ∆ for i ∈ B. m i is the unit vector of the magnetic moment at site i. The spin dynamics is governed by the Landau-Lifshitz-Gilbert (LLG) equation [8, 12] ,
where γ is the gyromagnetic ratio and α is the Gilbert damping constant.
is the effective field at site i. The lattice constant a and J are used as the length unit and the energy unit out of five parameters in (1). The magnetic field and time are in the units of Jµ 0 /a 3 and a 3 µ 0 /(Jγ 2 ), respectively, where µ 0 is the vacuum permeability. When the anisotropy is sufficiently large, spins are perpendicularly magnetized [13] . To obtain the spin wave spectrum, we linearize the LLG equation following the standard procedures [8] .
The spin wave spectrum and wavefunctions are obtained by solving the eigenvalue problem
j=1,2,3 e ±2iθj e ik·a j (θ j is the angle between
. g = σ 0 σ 3 (with σ 0 being the 2 × 2 identity matrix and σ 3 the Pauli matrix). ψ n is the nth eigenvector of eigen-frequency ω n , satisfying the generalized orthogonality ψ † i gψ j = δ ij . At K and K ′ , the frequencies of the two magnon bands are respectively,
where "(+)" and "(−)" on the right hand side are for K ′ . The magnon band for K = 10J, F = 5J and D = ∆ = 0 is shown in Figure 1 (b), which has a direct gap of ∆ g = M − M 2 − 9F 2 /4 at both K and K ′ (valleys for the upper band and peaks for the lower band).
The direct gap at the valleys can close and reopen as D and ∆ varies, resulting in topological phase transitions. The Berry curvature Ω n of nth band and the corresponding Chern number C n can be calculated by using a gauge-invariant formula [16] ,
where the integration is over the Brillouin zone (BZ), and Ω n = Ω n ·ẑ is the z component of the Berry curvature that is given by a gauge-invariant formula similar to that in electronic systems [15 ]
where P n is the projection matrix of the nth band defined as bands. C l + C u = 0 satisfies the "zero sum rule" [15, 17] . The magnon band Chern number change its value when magnon band gap closes and reopens at valley K or K ′ . Thus, the band gap closing at K or K ′ defines two phase boundary surfaces of ω
(See Eqs. (4) and (5)). For convenience, we define
and two phase boundary surfaces are ∆ = ±∆ c , denoted as the orange surfaces. They divide the whole space into four regions. In the region of ∆ c < 0 and Fig. 2(a) ) is shown in the top panel of Let us consider the magnon transport in an infinite system. Apply a thermal gradient along x direction, the motion of a magnon wavepacket is governed by the semiclassical equations [11, 18] ,ṙ
Where ε(r, k) = ω(k) + φ(r) is the energy of the magnon with φ(r) being the potential energy, and F is the total force on the magnon. q is the charge of the particle and q = 0 for a magnon. In the presence of a thermal gradient, the Boltzmann equation of the magnon iṡ
where f (r, k) is the magnon distribution function. In the linear response regime where the thermal gradient is small, Eq. (12) can be written asṙ
One can prove the following identity,
Substituting Eq. (14) into the left hand side of Eq. (13), it yields
Thus, one can identify a thermal force
∇T proportional to the magnon frequency and the thermal gradient [19] . Insert (11) into (10) with F = F T , we obtaiṅ
The magnon current density is given by j m = n,k [ṙf (n, k)], where the summation is over all magnon states. Keep terms linear in the thermal gradient and convert the summation to integration, we have
where the longitudinal heat conductance κ xx and the anomalous Nernst coefficient κ xy are
where
, and n = 1, 2 labels the lower and upper magnon bands. The general behavior of AMNE coefficient κ xy mentioned above can be illustrated by two representative points in two distinct topologically nontrivial phases of C l = −1 (for O 1 ) and sign-reversal of AMNE was also predicted in pyrochlore lattices [21] . In the calculation of thermal transport coefficients, the thermal energy k B T is allowed to be much higher than J. In real materials, the temperature is limited by the Curie temperature that is order of 
III. CONCLUSION
In conclusion, we studied the thermal magnon transport of perpendicularly magnetized honeycomb lattice with the nearest-neighbor pseudodipolar interaction and the next-nearestneighbor DMI. We show that the system has various topological nontrivial phases. Due to the nontrivial Berry curvature, a transverse magnon current appears when a thermal gradient is applied, resulting in an anomalous Magnon Nernst effect. The sign of the anomalous Magnon Nernst effect is reversed by tuning DMI and temperature.
